Abstract. We construct metrics of positive scalar curvature on manifolds with circle actions. One of our main results is that there exist S 1 -invariant metrics of positive scalar curvature on every S 1 -manifold which has a fixed point component of codimension 2. As a consequence we can prove that there are non-invariant metrics of positive scalar curvature on many manifolds with circle actions. Results from equivariant bordism allow us to show that there is an invariant metric of positive scalar curvature on the connected sum of two copies of a simply connected semi-free S 1 -manifold M of dimension at least six provided that M is not spin or that M is spin and the S 1 -action is of odd type. If M is spin and the S 1 -action of even type then there is a k > 0 such that the equivariant connected sum of 2 k copies of M admits an invariant metric of positive scalar curvature if and only if a generalizedÂ-genus of M/S 1 vanishes.
Introduction
In this article we discuss the following questions: Let G be a compact connected Lie-group and M a closed connected effective G-manifold.
(1) Is there a G-invariant metric of positive scalar curvature on M ? (2) If the answer to the first question is "no", does there exist a non-invariant metric of positive scalar curvature on M ? It has been shown by Lawson and Yau [13] that the answer to the first question is "yes" if G is non-abelian. Therefore we concentrate on the case where G is abelian and especially on the case G = S 1 . In this case there are two extreme situations:
(1) The S 1 -action on M is free. (2) There are "many" S 1 -fixed points, i.e. the fixed point set has low codimension. The first situation was studied by Bérard Bergery [1] , who showed that a free S 1 -manifold M admits an S 1 -invariant metric of positive scalar curvature if and only if M/S 1 admits a metric of positive scalar curvature. For the second case we have the following theorem. We also show that a closed connected semi-free S 1 -manifold M of dimension greater than five without fixed point components of codimension less than four admits an invariant metric of positive scalar curvature if and only if the bordism class of M in a certain equivariant bordism group can be represented by a S 1 -manifold with an invariant metric of positive scalar curvature (see Theorem 4.5) .
If M is simply connected, one has to distinguish between the following three cases:
(1) M does not admit a Spin-structure. (2) M admits a Spin-structure and the S 1 -action lifts into this structure. In this case it is said that the action is of even type. (3) M admits a Spin-structure, but the S 1 -action does not lift into it. In this case it is said that the action is of odd type.
An investigation of the relevant bordism groups in these cases leads to the following theorems.
Theorem 1.2 (Theorem 4.7)
. Let M be a closed simply connected semi-free S 1 -manifold of dimension n > 5. If M is not spin or spin and the S 1 -action is odd, then the equivariant connected sum of two copies of M admits an invariant metric of positive scalar curvature.
In [14] Lott constructed a generalizedÂ-genus for orbit spaces of semi-free even S 1 -actions on Spin-manifolds. He showed that for such a manifold M ,Â(M/S 1 ) vanishes if M admits an invariant metric of positive scalar curvature. We prove the following partial inverse to his result. Theorem 1.3 (Theorem 4.11). Let M be a closed simply connected Spin-manifold of dimension n > 5 with even semi-free S 1 -action. Then we haveÂ(M/S 1 ) = 0 if and only if there is a k ∈ N such that the equivariant connected sum of 2 k copies of M admits an invariant metric of positive scalar curvature.
By using Theorem 1.1, we can show that there are non-invariant metrics of positive scalar curvature on many manifolds with S 1 -action. This is the content of the next theorem.
Theorem 1.4 (Theorem 3.3)
. Let M be a closed connected effective S 1 -manifold of dimension n ≥ 5 such that the principal orbits in M are null-homotopic. This condition guaranties that the S 1 -action on M lifts to an S 1 -action on the universal coverM of M . If the universal cover of M is a Spin-manifold assume that the lifted S 1 -action onM is of odd type. Then M admits a non-invariant metric of positive scalar curvature.
Note that if in the situation of the above theorem M S 1 = ∅, then the principal orbits are always null-homotopic.
It should be noted that the condition on the principal orbits in the above theorem cannot be omitted. This can be seen by considering a torus T n = n i=1 S 1 on which S 1 acts by multiplication on one of the factors. Then T n admits a Spin-structure for which the S 1 -action is of odd type. But T n does not admit a metric of positive scalar curvature.
Bredon [3] , Schultz [20] and Joseph [12] constructed S 1 -actions of even type on homotopy spheres not bounding Spin-manifolds. It is known that these homotopy spheres do not admit metrics of positive scalar curvature. Therefore Theorem 1.4 is not true for S 1 -actions of even type on Spin-manifolds. This paper is organized as follows. In Section 2 we prove Theorem 1.1 and give some applications. Then in Section 3 we prove Theorem 1.4 and give more applications. In Section 4 we discuss the existence of metrics of positive scalar curvature on semi-free S 1 -manifolds without fixed point components of codimension two.
I would like to thank Bernhard Hanke for helpful discussions on the subject of this paper and a simplification of the proof of Theorem 3.3. Moreover, I would like to thank the Max Planck Institute for Mathematics in Bonn for hospitality and financial support while I was working on this paper.
Construction of invariant metrics of positive scalar curvature
In this section we construct invariant metrics of positive scalar curvature on S 1 -manifolds M such that M S 1 has codimension two. For the construction of our metrics of positive scalar curvature we use a surgeryprinciple which was first proven independently by Gromov and Lawson [9] and Schoen and Yau [19] . Later it was noted by Bérard Bergery [1] that these constructions also work in the equivariant setting. This gives the following theorem.
Theorem 2.1 ([1, Theorem 11.1]). Let G be a compact Lie-group and M and N be G-manifolds. Assume that N admits an G-invariant metric of positive scalar curvature. If M is obtained from N by equivariant surgery of codimension at least three, then M admits an invariant metric of positive scalar curvature.
Besides the construction of metrics of positive scalar curvature via surgery, we need the following result which tells us that there are such metrics on certain orbit spaces of free torus actions. Theorem 2.2. Let M be a manifold with a free action of a torus T . Assume that there is an action of a compact Lie-group which commutes with the T -action on M . Then there is a G-invariant metric of positive scalar curvature on M/T if and only if there is a G × T -invariant metric of positive scalar curvature on M .
Proof. In the case that G is the trivial group this theorem is part of Bérard Bergery's Theorem C from [1] . So we begin by recalling Bérard Bergery's construction and then indicate what has to be done to get a G-invariant metric.
Bérard Bergery starts with a T -invariant metric g of positive scalar curvature on M . This metric induces a metric g * on M/T , such that the orbit map π :
, where f (x) is the volume of the T -orbit π −1 (x). Bérard Bergery proves that the resulting metricg has positive scalar curvature.
If we choose the metric g to be G × T -invariant, then every element of G maps each T -orbit in M isometrically onto another T -orbit because G and T commute. Therefore the function F is G-invariant.
Moreover, if h is an element of G and x ∈ M , then the differential D x h maps the orthogonal complement of
is a Riemannian submersion, it follows that g * is G-invariant. Hence, the metricg is also G-invariant. For the construction of an invariant metric with positive scalar curvature on M from a metric on M/T , just pick a G × T -invariant connection for the principal Tbundle M → M/T and a flat invariant metric h on T . Then by a result of Vilms [23] there is a unique metric on M such that M → M/T is a Riemannian submersion with totally geodesic fibers isometric to (T, h) and horizontal distribution associated to the chosen connection. By construction this metric is G × T -invariant. After shrinking the fibers one gets a metric of positive scalar curvature on M . In the following we will call a metric obtained by such a construction a connection metric. Now we turn to our construction of invariant metrics of positive scalar curvature. For this we need the following lemma.
Lemma 2.3. Let G be a compact Lie-group and Z be a compact connected Gmanifold with non-empty boundary. We view Z as a bordism between the empty set and ∂Z. Then there is a G-handle decomposition of Z without handles of codimension 0.
Proof. We choose a special G-Morse function f : Z → [0, 1] without critical orbits on the boundary of Z, such that f −1 (1) = ∂Z. For the definition of special GMorse functions and some of their properties see [10] or [16] . The map f induces a G-handle decomposition of Z such that the handles correspond one-to-one to the critical orbits of f . The codimension of a handle corresponding to a critical orbit is given by the coindex of this orbit. Therefore we have to show that we can change f in such a way that there are no critical orbits of coindex 0. By Lemma 13 of [10] , the critical orbits of coindex 0 are principal orbits.
Therefore, as in the proof of Theorem 15 of [10] , non-equivariant handle cancellation on the orbit space can be used to remove all handles of codimension 0. Note here that we only work with handles of codimension 0. Therefore we do not need the dimension assumption from Hanke's theorem. Now we can prove the first of our main theorems. (1) the G-handles of Z are one-to-one to the G × S 1 1 -handles of X. (2) the codimension of a handle of X is given by the codimension of the corresponding handle of Z plus two. By Lemma 2.3, we may assume that there is no handle of codimension 0 in the decomposition of Z. Therefore in the decomposition of X all handles have codimension at least three. Hence, it follows from Theorem 2.1 that ∂X admits an G × S 1 1 -invariant metric of positive scalar curvature. Now we have
Note that SF is a principal S 1 -bundle over F and the action of S 1 0 on this bundle is given by multiplication on the fibers. Therefore the orbit space of the free diag(S Note that if a torus T acts effectively on a manifold M , then all fixed point components have codimension greater or equal to 2 dim T . For the case of equality we have the following corollary. Proof. Let F be a component of M T of codimension 2 dim T and x ∈ F . Then up to an automorphism of T the T -representation on the normal space N x (F, M ) is given by the standard T -representation. Therefore there is a codimension-two subspace of N x (F, M ) which is fixed pointwise by a circle subgroup S 1 ⊂ T . Hence, it follows that F is contained in a codimension-two submanifold of M which is fixed pointwise by S 1 . Now the statement follows from Theorem 2.4.
As an application of Corollary 2.5 we can improve the upper bound for the degree of symmetry of manifolds which do not admit metrics of positive scalar curvature given by Lawson and Yau in [13] . Corollary 2.6. Let G be a compact connected Lie-group which acts effectively on a closed connected manifold M which does not admit a metric of positive scalar curvature and has non-zero Euler-characteristic. Then G is a torus of dimension less than
Proof. By a result of Lawson and Yau [13] , G must be a torus. Because the Eulercharacteristic of M is non-zero, there are G-fixed points in M . Therefore we have 2 dim G ≤ dim M . If equality holds in this inequality, then all fixed points are isolated. Therefore, by Corollary 2.5, we have 2 dim G < dim M .
For four-dimensional S 1 -manifolds we also have the following corollary. 
Constructions of non-invariant metrics of positive scalar curvature
In this section we construct non-invariant metrics of positive scalar curvature on many manifolds with circle actions. For this construction we need the following lemma.
Lemma 3.1. Let M be a closed connected effective S 1 -manifold of dimension n > 1. If n > 2, then M is equivariantly bordant to a closed connected effective S 1 -manifold N such that there is a component of N S 1 of codimension two. If n = 2, then M is equivariantly bordant to a closed effective S 1 -manifold with at most two components such that each component contains an isolated S 1 -fixed point. Moreover, we have:
(1) If M is oriented, then N is also oriented and they are equivariantly bordant as oriented manifolds. , where S 1 acts trivially on the R n−1 -factor. Therefore we can do equivariant surgery on S 1 0 to obtain an S 1 -manifold N . If n > 2, then N is connected and has a fixed point component of codimension two. If n = 2, then N might have two components both containing an isolated S 1 -fixed point. If we let W be the trace of this surgery we see that (1) holds.
For (2) we need an extra argument to show that W is spin. This is the case if the inclusions
induce the same Spin-structure on S Proof. The α-invariant is a Spin-bordism invariant and vanishes for Spin-manifolds which admit metrics of positive scalar curvature. Since an action of odd type is always non-trivial, we may assume that the S 1 -action on M is effective. Because by Theorem 2.4 and Lemma 3.1, M is Spin-bordant to a manifold with a metric of positive scalar curvature the statement follows.
As another application of Theorem 2.4 we get: Proof. At first do an equivariant surgery on a principal orbit of the S 1 -action on M as in the proof of Lemma 3.1. By Theorem 2.4, the resulting manifold has an invariant metric of positive scalar curvature. Moreover, since the principal orbits are null-homotopic, it follows from the assumption on the lifted action to the universal cover, that N is diffeomorphic to the connected sum of M and S 2 × S n−2 . Indeed, the result of a surgery on a null-homotopic circle S in M is diffeomorphic to the connected sum of M and S 2 × S n−2 or the connected sum of M and the non-trivial S n−2 -bundle over S 2 , depending on the choice of the framing of the circle, for which there are two choices. If the universal cover of M is not spin, then these two manifolds are diffeomorphic. To see this take an embedding of S 2 ֒→ M with non-trivial normal bundle. We may assume that S is contained in S 2 as a small circle around the north pole. We fix a framing of S in M . We may move S along the meridians of S 2 to the south pole and then rotate S 2 so that the north and south pole are interchanged. During the way of S in S 2 its framing changes, so that the result of a surgery on S is independent of the choice of the framing.
If the universal cover of M is spin, then the assumption on the lifted action and the argument from the proof of Lemma 3.1 imply that the universal cover of the result of the surgery is also spin. Therefore N is the connected sum of M and S 2 × S n−2 . Hence, by surgery on the S 2 -factor we recover M . Since this surgery is of codimension at least three, it follows that M admits a metric of positive scalar curvature.
We give an example which shows that the assumptions of the above theorem are not sufficient for the existence of
and M be the principal S 1 -bundle over X with first Chern class a generator of
Then it follows from an inspection of a Mayer-Vietorissequence that M is a Spin-manifold. Moreover, the S 1 -action on M is of odd type because X is not a Spin-manifold. The S 1 -orbits in M are null-homotopic because M | CP 2 ⊂X = S 5 is simply connected. But there is a degree-one map X → T 6 . Hence, X does not admit a metric of positive scalar curvature by Theorem 3.5 below. Therefore, by Theorem 2.2, M does not admit a S 1 -invariant metric of positive scalar curvature.
Since the principal orbits of an S 1 -action are always null-homotopic if the S 1 -action has fixed points, we get the following corollary. Proof. Since χ(M ) = 0 every S 1 -action on M must have fixed points. Therefore it follows from Theorem 3.3 that there is no non-trivial S 1 -action on M .
It was an idea of Bernhard Hanke to combine Corollary 3.4 with ideas of Schick to construct new obstructions against S 1 -actions on manifolds with non-spin universal cover of dimension greater than four. In the remainder of this section we describe what grew out of this idea.
For these manifolds, there is only one known obstruction against a metric of positive scalar curvature, namely the minimal hypersurface method of Schoen and Yau [19] . Using this method the following theorem was proved by Joachim and Schick. 
, then M does not admit a metric of positive scalar curvature.
Here, the map
is represented by the restriction of φ to the hypersurface ψ −1 (x) ⊂ M . So, by combining Theorem 3.3 and Theorem 3.5, one gets the following Theorem 3.6 for certain manifolds of dimension greater than four and smaller than nine. But there is also a direct proof for this theorem which does not use the scalar curvature of metrics on the manifolds involved. We give this proof below. Theorem 3.6. Let G be a discrete group and [φ :
, then M does not admit an effective S 1 -action with null-homotopic principal orbits.
Proof. Assume that there is such an action on M . At first note that the map ψ from the above construction can be assumed to be S 1 -equivariant with S 1 acting trivially on S 1 . This is because, by [7, Theorem 1.11], π 1 (M/S 1 ) = π 1 (M )/H where H, is generated by elements of finite order. Therefore up to homotopy every
submanifold, then the restriction of f • φ to N factors up to homotopy through M/S 1 and therefore also through N/S 1 . Hence, by applying the construction ∩ described above several times, we get an orientable invariant two-dimensional submanifold N ′ of M with equivariantly trivial normal bundle. Therefore the S 1 -action on N ′ is effective. From the classification of orientable S 1 -manifolds with one-dimensional orbit space it follows that N ′ is equivariantly diffeomorphic to a sphere with S 1 acting by rotation or to a torus S 1 × S 1 with S 1 acting by multiplication on the first factor. In the first case
′ is a boundary. Therefore the statement follows.
It follows from the above theorem that Schick's five-dimensional counterexample [18] to the Gromov-Lawson-Rosenberg Conjecture does not admit any S 1 -action with fixed points. If one does Schick's construction in dimension six, then one gets a manifold with non-trivial Euler characteristic. Therefore this manifold does not admit any S 1 -action.
Semi-free circle actions
In this section we discuss the question when a semi-free S 1 -manifold without fixed point components of codimension less than four admits an invariant metric of positive scalar curvature. For this discussion we need some notations and results of Stolz [21] .
A supergroup γ is a triple (π, w,π), where π is a group,π → π is an extension of π such that ker(π → π) has order less than three and w : π → Z 2 is a homomorphism. We call a supergroup discrete if π is a discrete group.
For a discrete supergroup γ one defines a Lie group G(n, γ) as the even part of the superproduct Pin(n)×γ. There is a homomorphism G(n, γ) → O(n), which is surjective if w = 0 and has image SO(n) if w = 0. In both cases G(n, γ) is a covering of its image under this homomorphism.
A γ-structure on a vector bundle E → X equipped with an inner product and with dim E ≥ 3, is a reduction of structure group of E through the homomorphism G(n, γ) → O(n), i.e. a γ-structure is a principal G(n, γ)-bundle P G(n,γ) (E) over X together with an isomorphism of principal O(n)-bundles ξ :
, where P O(n) (E) is the orthogonal frame bundle of E. If M is a manifold, then a γ-structure on M is a γ-structure on its tangent bundle. A manifold with a γ-structure is called γ-manifold.
It can be shown that there is a natural bijection between the γ-structures on E and E ⊕ R. Moreover, in the case that w = 0, a γ-structure induces an orientation on E.
For each vector bundle E → X over a connected space X there is a supergroup γ(E), which encodes the information contained in the fundamental group of X and the first two Stiefel-Whitney classes of E. It is defined as follows:
(1) π = π 1 (X), (2) w : π → Z 2 is the orientation character of E, (3)π → π is the extension of π induced by the projection map P O(n) (E)/ r → X, where r ∈ O(n) is the reflection in the hyperplane perpendicular to
A vector bundle together with a choice of a base point for its orthogonal frame bundle is called a pointed vector bundle. Stolz shows that for every pointed vector bundle E there is a canonical γ(E)-structure on E. We denote this γ(E)-structure of E by P γ(E) (E). Now let X be a S 1 -space. Then we call a γ-structure on an S 1 -vector bundle E → X equivariant if the S 1 -action on P O(n) (E) lifts to an S 1 -action on P G(n,γ) (E). If the S 1 -action on X is free, then there is a natural isomorphism E ∼ = p * (E/S 1 ), where p : X → X/S 1 is the orbit map. In this case we have the following lemma.
Lemma 4.1. Let E → X be a S 1 -vector bundle over a free S 1 -space with dim E ≥ 3 and γ a discrete supergroup. Then the following two statements hold:
(1) There is a bijection between the γ-structures on E/S 1 and the S 1 -equivariant γ-structures on E, induced by pullback.
with basepoints x and S 1 x. Then there are homomorphisms
and an isomorphism of γ(E/S 1 )-structures
Proof. At first we prove (1). If P γ (E) is an equivariant γ-structure on E, then the isomorphism
is an equivariant γ-structure for p * (E/S 1 ). Since, for an equivariant γ-structure P γ (E), p * (P γ (E)/S 1 ) is naturally isomorphic to P γ (E) and p * (E/S 1 ) is naturally isomorphic to E, these two operations are inverse to each other. Hence, (1) is proved. Now we prove (2) . The existence of the homomorphisms γ(E) → γ(E/S 1 ) and G(n, γ(E)) → G(n, γ(E/S 1 )) follows from the definitions of γ(E) and G(n, γ(E)) and the choices of the basepoints. Therefore we only have to prove the existence of the isomorphism of the γ(E/S 1 )-structures. Such an isomorphism exists if and only if there is a G(n, γ(E))-equivariant map φ such that the following diagram commutes
Now, by the proof of [21, Proposition 2.12], P γ(E) (E) can be identified with
Here two paths are identified if they are homotopic relative endpoints. Moreover, the map
Clearly, this map factors through
Here ψ : P O(n) (E) → X and ψ ′ : P O(n) (E/S 1 ) → X/S 1 denote the bundle projections andp :
is the orbit map. It follows from the description of the G(n, γ(E))-action on P γ(E) (E) given in the proof of [21, Proposition 2.12] that φ is G(n, γ(E))-equivariant. Hence, the lemma is proved. 
. By construction, the restriction of this R-action to
is dense in M , this also holds for the R-action on P γ(M/S 1 ) . Hence, the S 1 -action lifts into P γ(M/S 1 ) .
So on every connected semi-free
We need one more definition from [21] . (1) there is a n-dimensional oriented manifold V with ∂V = −∂M ∐ ∂M ′ and a positive scalar curvature metric on V which restricts to h and h ′ on the boundary respectively, and
In the above definition and the following we assume that all metrics on a manifold with boundary are product metrics near the boundary.
We also define equivariant bordism groups.
Definition 4.4. For n ≥ 0 and a discrete supergroup γ let Ω SF n,≥4 (γ) be the bordism groups of closed n-dimensional semi-free S 1 -manifolds equipped with equivariant γ-structures and without fixed point components of codimension less than four. Here we identify two manifolds M 1 and M 2 if there is a semi-free S 1 -manifold with boundary, equivariant γ-structure and without fixed point components of codimension less than four such that ∂W = M 1 ∐ −M 2 . Now we want to define a homomorphism φ : Ω 
We may choose a metric on M S 1 and a connection for the CP k -bundles over M S 1 . With these choices one can construct a connection metric h on ∂N with positive scalar curvature, such that the fibers of the bundle are up to scaling with a constant isometric to CP k with standard metric. Note that the isotopy class of h does not depend on the above choices. Therefore (N, h) defines a well defined element of R n−1 (γ).
If W is an equivariant bordism without fixed point components of codimension less than four between M and another S 1 -manifold M ′ , then the quotientW of the free S 1 -action on the complement of an open tubular neighborhood of the fixed point set in W gives a bordism between N and N ′ . The part of the boundary ofW which does not belong to N or N ′ can be equipped with a metric of positive scalar curvature by the same argument as above. Therefore the bordism class of (N, h) depends only on the bordism class of M . Hence, we get the desired homomorphism φ : Ω SF n,≥4 (γ) → R n−1 (γ). It has been shown by Stolz [21] that a connected manifold M of dimension n ≥ 5 with boundary and a given metric h of positive scalar curvature on ∂M admits a metric of positive scalar curvature, which extends h and is a product metric near the boundary, if and only if (M, h) equipped with the canonical γ(M )-structure represents zero in R n (γ(M )).
From this fact we get the following theorem. Proof. We will show that M admits an invariant metric of positive scalar curvature if and only if φ([M ]) = 0 ∈ R n−1 (γ(M/S 1 )). From this the statement follows. At first assume that M admits an invariant metric of positive scalar curvature. By the proof of Gromov's and Lawson's surgery theorem [9] (see also [8] ), this is the case if and only if it admits an invariant metric of positive scalar curvature which is a connection metric on a tubular neighborhood N of M Now we want to discuss the special case, where M is a simply connected semifree S 1 -manifold. In this case M/S 1 is also simply connected. Hence, a γ(M/S 1 )-structure on M/S 1 is a Spin-structure on (M − M Proof. At first assume that M is spin and the S 1 -action on M is of even type. Since on a Spin-manifold with even semi-free S 1 -action there are no fixed point components of codimension two, we have Ω → Ω SO,SF n . This can be shown as follows.
Let W be a bordism between the semi-free S 1 -manifolds M 1 and M 2 such that all fixed point components of W of codimension two do not meet the boundary. Then we can cut out these components to get a bordism without fixed point components of codimension two between M 1 and M 2 ∐ N 1 ∐ · · · ∐ N k , where the N i are free The proof of this theorem is divided into two cases:
(1) M has a fixed point component of codimension two.
(2) All fixed point components of M have codimension at least four. In the first case, the threorem follows from Theorem 2.4. In the scond case, the idea for the proof of Theorem 4.7 is to show that the class of 2M in Ω SO,SF * can be represented by a manifold which admits an invariant metric of positive scalar curvature and does not have fixed point components of codimension less than four. Then it follows from Theorem 4.6.
We prepare the proof by describing some structure results about the ring Ω SO,SF * . For background information on these results see for example [6] , [15, Chapter XV] or [22] . At first there is an exact sequence
Here, F * = n≥0 Ω SO * −2n (BU (n)) is the bordism ring of complex vector bundles over some base spaces. The map λ sends a semi-free S 1 -manifold M to the normal bundle of its fixed point set. Note that this bundle is naturally isomorphic to a complex S 1 -vector bundle over M S 1 of the form V ⊗ ρ, where V is a complex vector bundle over M S 1 with trivial S 1 -action and ρ is the standard one-dimensional complex S 1 -representation. Therefore F * might we viewed as the bordism group of fixed point data of semi-free oriented S 1 -manifolds. The map µ can be described as follows. The restriction of the multiplication with elements of S 1 ⊂ C on a complex vector bundle to its sphere bundle defines a free S 1 -action. So we get a map from F * to the bordism group of free S 1 -manifolds. Since every free S 1 -manifold is a principal S 1 -bundle over its orbit space, we may identify the bordism group of free S 1 -actions with Ω SO * (BU (1)). The map µ is the composition of the above map and this identification. Ω SO,SF * and F * are actually algebras over Ω SO * , with multiplication given by direct products. Hence, λ is an algebra homomorphism. Moreover, F * is isomorphic to Ω SO * [X i ; i ≥ 0], where X i can be identified with the dual Hopf bundle over the i-dimensional complex projective space.
We denote by CP n (ρ) the n-dimensional complex projective space equipped with the S 1 -action induced by the representation ρ ⊕ C n . Here S 1 acts trivially on the C n summands. Then we have
. For the proof of Theorem 4.7 we need the following two lemmas. 
vanish, where x is a generator of H 2 (BU (1)) and p I (L ′ ) and w I (L ′ ) are products of the Pontrjagin classes and Stiefel-Whitney classes of L ′ , respectively. Now note that µ(L) is represented by a sum of tautological bundles over the projectivications P (E i ) of complex vector bundles E i . The class µ(X 0 L) is represented by the sum of tautological bundles over the projectivications P (E i ⊕ C) of the sum E i ⊕ C of these complex vector bundles with a trivial line bundle.
Let E be a complex vector bundle of dimension n over B. Then for K = Z 2 or K = Q, we have
and
where x has degree two and is minus the first Chern-class of the tautological bundle over P (E) and P (E ⊕ C). Hence, if f (x) is a power series with coefficients in H * (B; K), then we have
The total Pontrjagin and Stiefel-Whitney classes of P (E) are given by
where the a i are the formal roots of the Chern classes of E.
Therefore there are the following relations between the total Pontrjagin-classes and Stiefel-Whitney-classes of P (E) and P (E ⊕ C) (both viewed as power series in x with coefficients in H * (B; K))
This implies
For a power series f (x) and a finite sequence I of positive integers let f I = i∈I f i , where f i denotes the degree i part of f . With this notation we have
where a J , d J ∈ Z only depend on I but not on E. A similar calculation shows
Since µ(L) and µ(X 0 L) are linear combinations of some projectivications of complex vector bundles, it follows that µ(L) = 0 if µ(X 0 L) = 0. This proves that there is aL with L = λ(L).
Now let E be the principal S 1 -bundle associated to the tautological bundle over CP 1 (ρ). Then the S 1 -action on CP 1 (ρ) lifts into E in such a way that the action on the fiber over one of the fixed points in CP 1 (ρ) is trivial and multiplication on the fiber over the other fixed point. This action induces an S 1 -action on E × S 1L, for this action we have
But µ(X 0 ) is part of a Ω SO * -basis of Ω SO * (BU (1)). HenceL ′ represents zero in Ω SO * and the lemma is proved.
On Ω SO,SF * there is an involution ι which sends a semi-free S 1 -manifold M to itself equipped with the inverse S 1 -action. Similarly there is an involution on F * , which sends a complex vector bundle to its dual and changes the orientation of the base space if the fiber dimension is odd. Since λ is compatible with these two involutions, we denote the involution on F * also by ι.
Proof. At first note that there is an equivariant diffeomorphism between CP n (ρ) and ι(CP n (ρ)) given by complex conjugation. It is orientation preserving if and only if n is even. Moreover, ι(X 0 ) = −X 0 .
As noted before we can write λ([M ]) as a linear combination of products
with β ∈ Ω SO * . By the above remark we have ι(P × β) = (−1) k+l P × β, where l is the number of odd n i appearing in the product. If dim β ≡ 0 mod 4, then β is of order two. Therefore we have ι(P × β) = −P × β = P × β in this case.
If dim β ≡ 0 mod 4, we have dim M − 2(k + l) ≡ dim β ≡ 0 mod 4. Therefore the statement follows.
The following construction provides examples of semi-free S 1 -manifolds with invariant metrics of positive scalar curvature and without fixed point components of dimension less than four. Construction 4.10. Let γ be a complex line bundle over an oriented manifold M 0 . Let also M be an oriented S 1 ×S 1 -manifold such that the S 1 -actions induced by the inclusions of the S 1 -factors in S 1 × S 1 are semi-free. Denote M equipped with the first (resp. second) of these actions by M 1 (resp. M 2 ). Then the multiplication on γ induces an S 1 -action on the projectivication P (γ ⊕ C). Let γ ′ be the dual of the tautological bundle over P (γ ⊕ C) and E the principal
Then the S 1 -action on P (γ ⊕ C) lifts into E in such a way that the weights of the restriction of the lifted S 1 -action to a fiber over the two fixed point components in P (γ ⊕ C) are given by (1, 0) and (0, −1), respectively.
The (1)) is represented by the bundle γ. If the S 1 -action on all components of M i , i = 1, 2, is non-trivial, then Γ(γ, M ) does not have any fixed point components of codimension less than four.
Moreover, Γ(γ, M ) admits an invariant metric of positive scalar curvature. This can be seen as follows. Since there is an invariant metric of positive scalar curvature on the fibers CP 1 (ρ) of P (γ ⊕ C), it follows that there is an S 1 -invariant connection metric of positive scalar curvature on P (γ ⊕ C). Therefore it follows from Theorem 2.2 that E admits an S 1 × S 1 × S 1 -invariant metric of positive scalar curvature. Hence, E × M admits an S 1 × S 1 × S 1 -invariant metric of positive scalar curvature. Now it follows, again from Theorem 2.2, that Γ(γ, M ) = E × S 1 ×S 1 M admits an S 1 -invariant metric of positive scalar curvature.
Let γ and M 0 as in the above construction and M a semi-free S 1 -manifold. We equip M with a S 1 × S 1 -action induced by the homomorphism
Now we can prove Theorem 4.7.
Proof of Theorem 4.7. Let M be a semi-free S 1 -manifold. By Theorem 2.4, we may assume that M does not have fixed point components of codimension less than four. Denote by n the dimension of M and assume n ≥ 6.
If n ≡ 1, 3 mod 4, then the class [M ] ∈ Ω SO,SF * is of order two, because all torsion elements of Ω SO * have order two, Ω SO * /torsion is concentrated in degrees divisible by four and the generators of F * all have even degrees. Therefore, by Theorem 4.6, the theorem follows in this case.
Next assume that n ≡ 0 mod 4. Then there are an L in the augmentation ideal of
Here, the sum is taken over all finite sequences J with at least two elements, i.e. the products i∈J CP i (ρ) consist out of at least two factors. Since all these products admit invariant metrics of positive scalar curvature, by Theorem 4.6, we only have to deal with the case λ(M ) = X 0 L. It follows from Lemma 4.8 that there is a
Since L is contained in the augmentation ideal of F * , we may assume thatL does not have any components with trivial S 1 -action. Hence, by Lemma 4.9, we have 2λ(M ) = λ(∆(X 0 ,L)). Therefore the statement follows from Theorem 4.6. Now assume that n ≡ 2 mod 4. Then as in the previous case, me may assume that
whereL is a semi-free S 1 -manifold without components on which S 1 acts trivially. By a similar argument as above, we have
Here the sum is taken over all finite sequences J with at least one element. At first we show that we may assume L ′ = 0. Let L ′′ be the union of those components of L ′ on which the S 1 -action is non-trivial. Then we have, for
By a similar construction, one sees that we may assume that the products i∈J CP i (ρ) do not have factors of odd complex dimension.
The next step is to show that we may assume that all these products consist out of exactly one factor.
To see this note that one can equip i∈J CP i with two semi-free commuting S 1 -actions, namely i∈J CP i (ρ) and i∈J−{i0} CP i × CP i0 (ρ). Therefore, by Lemma 4.9, we have
Hence, after adding several multiples of Γ(X 0 , i∈J CP i ), we may assume that
with β k ∈ Ω SO * . Since all torsion elements in Ω SO * are of order two, this sum depends only on the equivalence classes of the β k in Ω SO * /torsion. Ω SO * /torsion is a polynomial ring over Z with one generator Y 4k in each dimension divisible by four. We will construct a non-trivial semi-free S 1 -action on each of the Y 4k . The Y 4k can be chosen in such a way that they admit stably complex structures, that is they belong to the image of the natural map Ω U * → Ω SO * . It has been shown by Buchstaber and Ray [5] , [4] that Ω U * is generated by certain projectivications of sums of complex line bundles over bounded flag manifolds. These generators are toric manifolds and admit a non-trivial semi-free S 1 -action induced by multiplication on one of the line bundles. Hence, we may assume that each Y 4k admits a non-trivial semi-free S 1 -action. We denote the resulting
Next we show that we may assume
Here the second sum is over all finite sequences J k of elements of the set {1, . . . , k} and a k, ] replaced by the rationals see [2] . The proofs there also work in our case since Ω
]. There are exact sequences
Here the first map is the natural map from the bordism group of Spin-manifolds with free even action into the bordism group of semi-free actions and
Moreover, the maps λ and µ are the same as in the oriented case.
At first we describe another set of generators of F * ⊗Z[ ] which are more suitable for the discussion of the spin case than the generators described in the previous section. Denote byX 2k+1 , k > 1, the normal bundle of P (
, where γ is the dual Hopf bundle over CP 1 and P (E) denotes the projectivication of the vector bundle E. Then we have
Therefore, by [6, Theorem 18 .1], theX 2k+1 , k > 0, together with the X 2k , k ≥ 0 and X 1 are a basis of Ω
acts by multiplication on one of the γ ⊗ γ summands. Then we have (1)) equipped with the semi-free S 1 -action induced by the embedding
This action has two fixed point components, namely HP 1 and an isolated fixed point. The Chern classes of the normal bundle of HP 1 in HP 2 are given by
where u is a generator of H 4 (HP 1 ; Z). Hence, it follows from a calculation of characteristic numbers (cf. Theorem 17.5 of [6, p. 49] ) that
where K is the Kummer surface. Therefore we have
where R − X such that each factor S 1 i has a fixed point in N and f : E → M be a principal Tbundle. Then we have
where E i is the principal S
and ǫ i is one or zero if the S 1 i -action on N is odd or even, respectively. Proof. The tangent bundle of E × T N is the sum of the pullback of the tangent bundle of M and the bundle T F along the fibers. Let φ : M → BT be the classifying map of the principal bundle E. Then there is a pullback diagram.
Here T N T and N T denote the Borel constructions of T N and N , respectively. Therefore it is sufficient to show that Proof of Theorem 4.11. We will show that for every
Spin,even,SF n such that M ′ admits an invariant metric of positive scalar curvature and λ(2 ] and an
Here the sums are taken over all finite sequences J and J ′ with at least two elements or one element, respectively. Since all M i admit invariant metrics of positive scalar curvature we may assume that α J = 0 for all J.
The S 1 -action on J ′ β J ′ i∈J ′ M i is of odd type. Therefore each product i∈J ′ M i contains a factor M i0 with i 0 > 0. Let E be the principal S 1 -bundle associated to the dual of the tautological bundle γ over CP 2 (ρ). The S 1 -action on CP 2 (ρ) lifts into E such that the action on the fiber over the isolated fixed point is trivial. Since the S 1 -action on M i0 is odd, E × S 1 M i0 is a Spin-manifold by Lemma 4.12. Moreover, it follows from a calculation of characteristic numbers that
]. Indeed, there are three fixed point components in E × S 1 M i0 , namely the fiber over the isolated fixed point in CP 2 (ρ), and two components which are bundles over the two-dimensional fixed point component of CP 2 (ρ) with fibers the fixed point components of M i0 . The normal bundle of the first fixed point component is trivial.
The other fixed point components are diffeomorphic to cartesian products CP 1 × F i , where F i , i = 1, 2, are the fixed point components in M i0 . Hence, their cohomology with coefficients in Q or Z 2 is isomorphic to H * (CP 1 ) ⊗ H * (F i ). Moreover, there are k i ∈ Z, i = 1, 2, such that the first two Chern classes of their normal bundles are given by
The other Chern classes vanish because these fixed point components have codimension or dimension four, respectively. Therefore, all characteristic numbers of λ(E× 
] generated by X 0 . By the same argument as in Construction 4.10, E × S 1 M i0 admits an invariant metric of positive scalar curvature. Therefore we may assume that all β J ′ are zero.
Hence, by the same argument as in the proof of Lemma 4.8, there is a SpinmanifoldL with semi-free
Hence, we may assume that L = 0. Therefore the claim follows in this case. Next assume that n ≡ 2 mod 4. Then there are α k,l,J ∈ Ω Spin * ⊗ Z[ We will show that we may assume that all α k,l,J vanish after adding Spin-manifolds with even semi-free S 1 -actions which admit invariant metrics of positive scalar curvature. In the case that k = l = 0 there is nothing to show.
Next assume that k = 0 and l = 1. Then the dimension of i∈J M i with α k,l,J = 0 is congruent to 2 mod 4. Moreover, ∆(X 1 ⊗ X 1 , i∈J M i ) is a Spinmanifold with semi-free S 1 -action such that
Therefore we may assume that α 0,1,J vanishes for all J. Next assume that k > 0 is odd and l = 0. Then the dimension of i∈J M i with α k,l,J = 0 is divisible by four and the action on this product is of odd type. Therefore such a product contains at least one factor M i0 with i 0 > 0.
At first assume that i 0 is odd. Then for the Spin-manifold
we have λ(N ) = −2X k 0 λ(M i0 ). Therefore we may assume that all α k,l,J with k > 0 odd and l = 0 vanish if J contains an odd number. Now we turn to the case where i 0 is even. Then there is a second semi-free S 1 -action on M i0 induced from a lift of the S 1 -action on CP 1 (ρ) to γ ⊗ γ. The two 
where L is CP i0−1 equipped with some semi-free S 1 -action. Hence, we may assume that all α k,l,J with k > 0 odd and l = 0 vanish.
Next assume that k > 0 is even and l = 1. Then the dimension of i∈J M i with α k,l,J = 0 is congruent to 2 mod 4 and the action on this product is of odd type.
Hence,
is spin and
Therefore we may assume that all α k,l,J with k > 0 even and l = 1 vanish. Next assume that k > 0 is even and l = 0. Then the dimension of i∈J M i with α k,l,J = 0 is congruent to 2 mod 4 and the action on this product is of even type. Therefore in this product there appears at least one factor M i0 with i 0 odd and a second factor M i1 with i 1 > 0. Let E be the principal S 1 -bundle associated to the tautological line bundle over CP k (ρ). Then the action on CP k (ρ) lifts into E in such a way that it is trivial on the fibers of the fixed point component of codimension two in CP k (ρ) and multiplication on the fiber over the isolated fixed point. Moreover, N = E× S 1 M i0 is a Spin-manifold with semi-free S 1 -manifold such that λ(N ) = X k 0 λ(M i0 ) because dim M i0 ≡ 2 mod 4. As in Construction 4.10, one sees that N = E × S 1 M i0 admits an invariant metric of positive scalar curvature. Hence, after adding multiples of i∈J−{i0} M i × N to M , we may assume that all α k,l,J with k > 0 even and l = 0 vanish.
Next let k > 0 be odd and l = 1. Then the dimension of i∈J M i with α k,l,J = 0 is divisible by four and the action on this product is of even type.
We will construct below two semi-free Spin S 1 -manifolds N 1 and N 2 with even action from a semi-free Spin S 1 -manifold M of dimension divisible by four with even action such that λ(N 1 ) = 4X 1 X 0 (λ(M ) −M ) and λ(N 2 ) = 2X 2 0 (λ(M ) −M ), whereM denotes the manifold M with trivial S 1 -action. N 1 and N 2 admit invariant metrics of positive scalar curvature. Therefore after adding multiples of a manifold which is constructed by iterating these constructions we may assume that all α k,l,J with k > 0, l = 1 and non-empty J vanish.
For the construction of N 1 consider the projectivication P of C ⊕ γ ⊗ γ, where γ is the dual of the Hopf bundle over CP 1 . S 1 acts on P by multiplication on γ ⊗ γ. Then P S 1 has two components and λ(P ) = 2X 1 − 2X 1 .
Let γ
′ be the dual of the tautological bundle over P . Then the S 1 -action lifts into γ ′ ⊗ γ ′ in such a way that the action over the two fixed point components in P are given by multiplication and multiplication with the inverse, respectively. This action induces a semi-free S 1 -action on P (C ⊕ γ ′ ⊗ γ ′ ). The fixed point set of the S 1 -action on P (C ⊕ γ ′ ⊗ γ ′ ) has four components and
Let E be the principal S 1 -bundle associated to the dual of the tautological line bundle γ ′′ over P (C ⊕ γ ′ ⊗ γ ′ ). The S 1 -action on P (C ⊕ γ ′ ⊗ γ ′ ) lifts into E in such a way that it is trivial over the two fixed point components corresponding to −(2X 1 X 0 + 2X 1 X 0 ) and multiplication and multiplication with the inverse over the other two. Therefore it follows that for N 1 = E × S 1 M , λ(N 1 ) = 4X 1 X 0 (M −M ). As in Construction 4.10 one sees that N 1 admits an invariant metric of positive scalar curvature. Because the action on M is even, N 1 is spin. The construction of N 2 is similar with P replaced by CP 1 (ρ). We omit the details. By the above constructions we may now assume that λ(M ) = ]. Therefore all the β k must vanish and Theorem 4.11 is proved.
